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Abstract

Animation of viscoelastic solids in entertainment and medical applications as well as scientific simulation can be
improved through observations of real world objects. This paper presents a method for simulating viscoelastic
solids in real-time for visual and haptic display along with a method for determining the parameters of the the
underlying model from automated physical measurements of real world objects. The viscoelastic model is a novel
extension of the discrete Green’s function matrix for linear elasticity, which combines static behavior represented
by Green’s functions with dynamic behavior expressed by differential equations inspired by particle systems. We
describe a novel estimation method of dynamic contact behavior for heterogeneous complex objects based on these
measurements. For this estimation, our method relies only on measurement data previously used in the acquisition
of less realistic elastostatic models. In this way our method allows more physically accurate realism in animation
of viscoelastic solids without large additional computational costs or any measurements besides those associated
with related methods for elastostatic solids.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Physically based modeling
I.3.7 [Computer Graphics]: Virtual reality, animation

1. Introduction

Physical simulation of deformable models for visual dis-
play has a long tradition in computer graphics starting with
Terzopoulos et al. [TPBF87]. The focus of most of the re-
cent and current research is on increasing the fidelity of the
physical simulation while rendering the models at interac-
tive rates [CEO∗93, JP99, DDCB01, PDA01, HGS03]. The
increases in fidelity of the physical models are achieved by
increasing the number of degrees of freedom in the simu-
lation and by increasing the resolution for display. Our ap-
proach shares this focus, although we concentrate on match-
ing simulation to observed object behavior. The realism of a
simulation is limited by the realism of the underlying elastic
model and even physical models are only as realistic as their
material parameters fit the desired behavior. Choosing ap-
propriate parameters is especially critical if the deformable
model is to match a specific object behavior as required in
medical simulation or in animation.

Traditionally the properties of a deformable solid simula-
tion are tuned by setting global material constants such as

Figure 1: The screen shows a user interacting with a model
of the natural material replica triceratops by Bullyland Inc.,
N.Y., USA

This is a preprint of an Article accepted for publication in Computer Graphics Forum ©
The Eurographics Association and Blackwell Publishing 2004. Published by Blackwell
Publishing, 9600 Garsington Road, Oxford OX4 2DQ, UK and 350 Main Street, Malden,
MA 02148, USA.



Schoner et al. / Measurement-Based Interactive Simulation of Viscoelastic Solids

Young’s modulus and Poisson’s ratio (or equivalently Lamé
constants). These constants along with the object geometry
can be used to determine the behavior of an elastic solid.
During physical simulation, the behavior of the solid under
loading and position constraints is determined with methods
from engineering such as the finite element method (FEM)
or the boundary element method (BEM). One simple but
not particularly precise approach for determining the ma-
terial constants is to manually adjust them until the object
behaves as desired. The meaning of material parameters (es-
pecially Poisson’s ratio) can often be non-intuitive and is ad-
ditionally complicated by the influence of geometry. A more
precise procedure that has seen application notably in the
simulation of human tissue for surgery training is to take
mechanical measurements of a sample of the object’s ma-
terial [MK99, dCL99, VKSR00, BUB∗01, HGS03]. How-
ever, the use of global material properties is viable only in
the case, where the object consists of a homogenous mate-
rial and where a material sample can realistically be taken.

Recent work on the acquisition of the deformation of
“soft” elastic solids addresses these concerns. Lang et
al. [LPW02] and Pai et al. [PvdDJ∗01] use a robotic arm at
the University of British Columbia Active Measurement Fa-
cility (ACME) to apply forces in various directions at points
on the surface of the object. Because they measure observ-
able object deformation directly with 3D range flow in stereo
imagery of the object’s surface, their approach is capable of
estimating the physical deformation of heterogeneous ob-
jects. They represent the deformation as an individual dis-
crete Green’s function for each position (corresponding to
vertices of a mesh), resulting in a linear approximation to
the observed static deformation. However, viscoelastic ef-
fects, in particular creep and relaxation, are not modeled in
their approach. Our approach leads to measurement-based
models where both elastic and viscoelastic behavior vary for
each point on the surface of an object.

1.1. Related Work

Previous work related to ours can be found in the categories
of animation of deformable models, interactive elastic sim-
ulation, and determining material parameters for visual sim-
ulation. We will concentrate here on physically motivated
approaches to deformable model simulation and refer the
reader interested in other approaches to the survey by Gibson
and Mirtich [GM97].

The orginal work of Terzopoulos et al. [TPBF87] on de-
formable models introduced elastic solid simulation to com-
puter graphics. They use finite differences to obtain a dy-
namic model of solid deformation Mü + Du̇ + Ku = f and
employ a prescribed metric tensor for calculation of elas-
tic energy. Later their work was extended [TF88] to vis-
coelastic solids defining the deformation energy as a second
order controlled-continuity spline kernel. They use spring-
dampers in a four-element viscoelatic model consisting of

a Kelvin-Voigt element in series with a Maxwell element
(see, for example, Fung’s text on biomechanics [Fun93]).
The four-element model is physically motivated, but does
not employ the constitutive equations of engineering simu-
lations because of computational cost.

Simulation cost can be reduced by modal analysis as
shown by Pentland and Williams [PW89]. The modal de-
composition is only possible with Rayleigh damping where
D = αM + βK. Recently, James and Pai [JP02] have shown
how to evaluate these modal representations in real-time on
graphics hardware. Hauser et al. [HSO03] demonstrated an
efficient implementation with interactive manipulation con-
straints. A completely different approach to reducing simu-
lation costs is to introduce multi-level mesh hierarchies. De-
bunne et al. [DDCB01] employ a set of non-nested mesh hi-
erarchies to adapt the spatial resolution of their simulation
based on the force acting on a volume element, although
the synchronization of the different mesh hierarchies dur-
ing dynamic deformation is difficult. Wu et al. [WDGT01]
solve the synchronization by creating dynamic progres-
sive meshes in a mixture of precomputation and on-line
refinement. James and Pai [JP03] employ surface subdi-
vision meshes representing Green’s functions of an elas-
tic solid combined with wavelet decomposition. Similarly,
the approach by Hauth et al. [HGS03] uses nested tetra-
hedral meshes where hierachial function approximation is
performed. The general CHARMS framework for adaptive
simulation by Grinspun et al. [GKS02] can also be applied
to deformable model simulation. An alternative to adaptive
meshes is the use of a dedicated computing cluster such as
that described by Szekely et al. [SBD∗00].

Constitutive equations with a linear small strain tensor
are employed by Bro-Nielsen and Cotin [BNC96]. In order
to achieve interactive simulation rates with their full con-
tinuum mechanics model, they use the FEM with Guyan
reduction [Guy65], mapping the volumetric elastostatic be-
havior to the surface. James and Pai [JP99] achieve this in-
stead by employing the BEM. These approaches may also
be viewed as finding the Green’s functions of the bound-
ary value problem of linear elasticity [JP01]. The realism of
these models is limited by the use of the linear small strain
tensor, by the constitutive equations (from a simple linear 3D
Hookean spring) and by quasi-static simulation. The linear
small strain tensor causes the object to distort if the defor-
mation is large. The linear constitutive relationship parame-
terized by Young’s modulus and Poisson’s ratio (or equiva-
lently by Lamé constants) only accurately approximates real
material for small strain. Finally, the quasi-static simulation
cannot produce dynamic effects such as relaxation (force de-
creasing over time while a deformation is maintained) and
creep (deformation creeping back to its rest state after the
force has been removed).

O’Brien and Hodgins [OH99] employ the rotationally
invariant large deformation (Green’s) strain tensor and a
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Schoner et al. / Measurement-Based Interactive Simulation of Viscoelastic Solids

Figure 2: False color coding of the triceratops model show-
ing compliance across its surface (red is high, blue low).

strain-rate tensor in their FEM solution scheme but their ap-
proach is not interactive. Wu et al. [WDGT01], Debunne
et al. [DDCB01] and Picinbono et al. [PDA01] employ
these tensors in their respective interactive simulation. Picin-
bono et al. also render not only isotropic but also trans-
versely isotropic materials. Complex non-linear material
laws are employed by Hauth et al. [HGS03] based on the
mechanical quality concept of springs in their interactive
simulation. Teran et al. [TBHF03] make use of the finite
volume method (FVM) and a quasi-incompressible, trans-
versely isotropic, hyperelastic constitutive model to sim-
ulate skeletal muscles. These increasingly realistic simu-
lation techniques require material parameters which are
equally realistic to match the real-world behavior to be mod-
eled. Measurement of material parameters has been recog-
nized as an important step, especially in surgery simula-
tion [MK99, dCL99, VKSR00, BUB∗01, HGS03]. At best,
material parameter sampling leads to a realistic description
of a sample. However, soft tissues, soft toys, animation char-
acters and other complex objects do not consist of a sin-
gle material. What is needed to achieve realism is a test
of material parameters throughout the volume of the ob-
ject. An alternative approach has been suggested by Lang
et al. [LPW02, PvdDJ∗01, LPS03] by observing the defor-
mation behavior of a complex object directly and fitting the
discrete model to these observations. Their measurement-
based models allow for a per-vertex variation of material
behavior, although they only model linear quasi-static be-
havior. Their models are not capable of showing relaxation
and creep which is a quite noticeable deficiency. In this pa-
per, we show how to model and estimate these viscoelastic
effects from their measurement method.

2. Elasticity Basics

A discrete Green’s function matrix (DGFM) linearly relates
surface traction (contact force over area) and displacement
of nodes on a discrete mesh for a given boundary configura-
tion. In this paper, we employ linear triangular surface ele-
ments for which the vertices of the triangular mesh are these
nodes. Each of the n vertices has either a displacement con-
straint or a traction constraint. Following the notation used
by James and Pai [JP01], from the set Λ, consisting of all
the vertices in the mesh, two exclusive subsets are defined:
Λu, which consists of the vertices with displacement con-
straints and Λv, which consists of those with traction con-

constraint on j
constraint on i traction displacement
traction tract. → displ. displ. → displ.
displacement tract. → tract. displ. → tract.

Table 1: The four possible relationships between two ver-
tices i and j defined by a DGFM entry ΞΞΞi, j . Entries take the
form known constraint value applied to j → unknown con-
straint value produced on i. Relations in red correspond to
those like a linear spring.

straints. The constraint values are three-dimensional vectors.
Let ūuui denote either the known displacement constraint or p̄ppi
the known traction constraint on vertex i, depending on the
corresponding constraint type of i. Given these constraints,
we solve for the unknown traction pppi for displacement con-
strained nodes and for the unknown displacement uuui for trac-
tion constrained nodes. These values can be combined into
n-dimensional block vectors,

vvvi =

{
pppi : i ∈ Λu
uuui : i ∈ Λv

and

v̄vvi =

{
ūuui : i ∈ Λu
p̄ppi : i ∈ Λv

These n length block vectors are related by

ΞΞΞv̄vv = vvv

where ΞΞΞ is an n-by-n DGFM containing 3-by-3 block en-
tries. The element from the i-th row and j-th column of the
matrix forms the additive influence the given j-th element of
v̄vv has on the unknown i-th element of vvv.

2.1. Relating the DGFM to Linear Springs

A simple linear elastic system characterized by a DGFM can
be conceptually viewed as a set of linear springs; mathemat-
ically, a DGFM relates the known and unknown quantities
at all n vertices through linear combination. The relation-
ship between two entries of the DGFM falls into one of four
possible cases depending on the boundary conditions of the
nodes (see Table 1). Of the four cases, only two directly map
to a linear spring because they relate traction and displace-
ment. Furthermore, during simulation we are only interested
in obtaining the displacement for the vertices that are force
constrained. Although the traction present on displacement
constrained vertices can be calculated, the quantity is not
needed for (visual and haptic) display purposes. Therefore,
the displacement of vertex i for these conditions is given by

uuui = ∑
j

ΞΞΞi, j ppp j. (1)

© The Eurographics Association and Blackwell Publishing 2004.
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(a) vertex 41, trial 0 (b) vertex 145, trial 1

Figure 3: Triceratops model being probed for measurements
at ACME.

Figure 4: “Bird Jar” with a color coding showing assigned
artificial Rayleigh damping coefficients. The body of the jar
(in grey) has no damping, the handle (in blue) a medium
amount, and the spout (in red) a high amount.

Rewriting the inside of this summation with respect to force
instead of traction reveals the relationship to stiffness as,

fff i, j = α jΞΞΞ−1
i, j

︸ ︷︷ ︸

KKKi, j

uuui, j (2)

where KKKi, j is known as the stiffness tensor and α j is the area
of the j-th node.

3. Viscoelastic Model

In a quasi-static elastic model (as given by a DGFM) defor-
mation purely depends on the current boundary conditions;
their history or their rate of change do not influence the sim-
ulation result. This is not sufficient to model the viscoelastic
effects of relaxation and creep. In this section, a flexible ap-
proach to viscoelasticity that combines the advantages of a
DGFM (precomputability, accurate global behavior and sim-
ple global parameters for control) with those of particle sys-
tems (ability to model secondary motion) is presented.

The underlying idea for our viscoelastic model is to re-
place the spring-like relations in the DGFM with composi-
tions of springs and dashpots. This provides the ability to
simulate viscoelastic behavior while retaining the DGFM
for primary deformation calculation. The actual arrangement
of springs and dampers is arbitrary and various reasonable
choices to model viscoelasticity exist. The general goals for
useful models are:
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Figure 5: Sample force loading curve for the Kelvin-Voigt
model with k = 1.0 and b = 0.5 (in blue) and the 3-element
damper spring model with k1 = 1.5, k2 = 3.0, and b = 0.5 (in
red). This response is driven by applying a constant velocity
to both models from t = 0 to t = 1.

1. The behavior resulting from the model should look and
feel more realistic than a simple elastic model.

2. When static, the model should behave exactly as the
DGFM. Mathematically, this can be written more pre-
cisely with the new relation ggg as,

∀i,∀ccck ∈R
3
, lim
t→∞,∀ p̄ppk, p̄ppk→ccck

∑
j

ggg(ΞΞΞi, j, t, p̄pp j) =∑
j

ΞΞΞi, j p̄pp j,

where t is time.
3. The model should be adjustable by a few intuitive key

parameters. Manual tuning of all n2 relations (or a large
subset thereof) should not be required. Nevertheless, it
should remain possible to tune all relations in an auto-
mated manner, such as one that relies on measurements
acquired physically.

4. Simulating the object with the model should be fast
enough to satisfy interactive haptic and visual rates (ap-
proximately 1000Hz and 30Hz, respectively).

Perhaps the simplest viscoelastic model is based on the
Kelvin-Voigt model, where a damper and spring are used in
parallel [Fun93]. However, this model does not accurately fit
our physically acquired measurements (see Figures 5 and 6).
Instead, we have chosen to use a slightly more complicated
3-element model (see Figure 7 for a schematic) that accu-
rately captures the observed behavior. With this model, the
one dimensional relationship between force and displace-
ment is given by the ordinary differential equation,

f = k2 (u− x) = k1x+bẋ, (3)

where f is the force, u the total displacement, x the displace-
ment of the damped spring, k1 and k2 the two spring con-
stants and b the damping coefficient. Using an implicit first-

© The Eurographics Association and Blackwell Publishing 2004.
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Figure 6: Force loading curve for vertex 145, measurement
1 of the triceratops model along with best fit curve from 3-
element damper-spring model.
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Figure 7: Schematic of the 3-element model: two springs
and one dashpot.

order finite differences scheme gives,

k1x+bẋ = k1x(t +h)+b
(

x(t +h)− x(t)
h

)

,

where t is the current time and h is the step size, Equation 3
can be solved for force in terms of displacement or displace-
ment in terms of force.

This one dimensional case is extended into three dimen-
sions by replacing the force and displacement scalars with
vectors and the scalar model parameters with 3-by-3 tensors.
Displacement in terms of force for the 3-element model at
the i-th vertex can be written in three dimensions as,

uuui(t +h) = ∑
j

uuui, j(t +h) (4)

uuui, j(t +h) = KKK−1
2(i, j) fff j(t +h)+ xxxi, j(t +h), (5)

xxxi, j(t +h) =

(

KKK1(i, j) +
1
h

BBBi, j

)−1

(6)
(

fff j(t +h)+
1
h

BBBi, jxxxi, j(t)
)

and force in terms of displacement as,

fff i(t +h) = ∑
j

fff i, j(t +h)

fff i, j(t +h) = KKK2(i, j)
(
uuu j(t +h)− xxxi, j(t +h)

)
(7)

xxxi, j(t +h) =

(

KKK1(i, j) +KKK2(i, j) +
1
h

BBBi, j

)−1

(8)
(

KKK2(i, j)uuu j(t +h)+
1
h

BBBi, jxxxi, j(t)
)

,

where the (i, j) subscripted quantites are the stiffness ten-
sors (KKK1(i, j) and KKK2(i, j) correpsonding to k1 and k2 in the 1D
model, respectively), damping tensors (BBBi, j correponding to
b), and vector-valued state information (xxxi, j(t)) for the effect
of node j on node i. While the above description is a general
characterization of the 3-element model, there are a number
of assumptions that can be introduced to make control or ac-
quisition of the above viscoelastic parameters simpler and
more manageable.

3.1. Using Stiffness Ratios

While k1 and k2 as scalars in the one dimensional case serve
their simple, but specific purpose clearly, in three dimen-
sions the corresponding stiffness tensors each have 9 de-
grees of freedom controlling not only magnitude but also
direction. One simplification is to partially preserve one di-
mensionality in the three dimensional case by assuming that
both KKK1(i, j) and KKK2(i, j) act in the same direction—the di-
rection of stiffness in general, KKKi, j . With this assumption,
the stiffness tensors can be rewritten as KKK1(i, j) = k1KKKi, j and
KKK2(i, j) = k2KKKi, j , where k1 and k2 control the magnitude of
the tensors. We would additionally like to ensure that the
stiffness generated by these tensors is equal to the overall
stiffness. Such a constraint can be written mathematically as
k1k2 = k1 + k2 (derived from the formula for the behavior
of two springs in series). To unify the above conditions, we
introduce the stiffness ratio, defined as r = k2

k1
. Combining

these last three relationships, only one parameter (r) is nec-
essary: k1 = 1+r

r and k2 = 1+ r.

Most importantly, the use of stiffness ratios allows for
a simple connection to the underlying DGFM. Because
DGFM entries are simply inverted, area-compensated stiff-
ness tensors (refer back to the underbraced part of Equa-
tion 2), we can write KKK1(i, j) and KKK2(i, j) as,

KKK1(i, j) =
1+ ri, j

ri, j
α jΞΞΞ−1

i, j , (9)

KKK2(i, j) =
(
1+ ri, j

)
α jΞΞΞ−1

i, j , (10)

where α j is the area (with regard to traction) of the j-th node.

3.2. Using Rayleigh Damping

Rayleigh damping assumes that each damping tensor is
equal to the corresponding stiffness tensor multiplied by a

© The Eurographics Association and Blackwell Publishing 2004.
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non-negative scalar,

BBBi, j = bi, jKKKi, j = bi, jα jΞΞΞ−1
i, j . (11)

Substituting this along with Equations 9 and 10 into Equa-
tions 5 and 6 results in simplified equations for displace-
ment in terms of force, node areas, a DGFM, and various
viscoelastic parameters:

uuui, j(t +h) =
α j

1+ ri, j
ΞΞΞi, j fff j + xxxi, j(t +h)

xxxi, j(t +h) =
hri, j

h+hri, j +bi, jri, j
(

α jΞΞΞi, j fff j +
bi, j

hi, j
xxxi, j(t)

)

. (12)

For brevity, we leave out the results of a similar substitution
into Equations 7 and 8.

4. Acquisition of Viscoelastic Behavior

In order to determine the parameters for the 3-element model
described in the previous section, we rely on data sets orig-
inally used to acquire a simple DGFM. The basic DGFM
acquisition procedure is to have the probe apply a series of
surface displacements in various directions and observe the
behavior for each trial visually (by taking stereo images be-
fore and after) and mechanically (by measuring force and
displacement at the tip of the probe during contact). The
probe locations correspond to vertices of the triangular mesh
utilized in the DGFM. The data is then used to estimate a
DGFM using various data fitting techniques [LPW02]. The
force measurements from the probe are taken with a fre-
quency of 1000Hz which matches the haptically relevant
mechanical vibration. It is through these temporally pre-
cise measurements that we determine viscoelastic parame-
ters for measured vertices. Essentially, we start with a series
of measurements taken at one vertex location from several
directions. We also have data available which is recorded
at different probe velocities. One trial is a function of force
against time taken for one vertex, in one direction, and at
a specific velocity. Unfortunately, the stereo-imagery is not
recordered frequently enough to allow for the observation
of time-depedent behavior. However, this limitation comes
from the specific hardware setup in ACME and methods for
high frequency image-based acquisition of displacement ex-
ist [GOM].

4.1. The Estimation Process

We use a multi-step approach to estimate our three-element
models for the relevant entries of the DGFM. Beforehand,
the static relationship (the DGFM) is estimated with the
method of Lang et al. [LPW02]. The first stage in our process
is to fit the magnitude force profile of each trial to our one-
dimensional 3-element viscoelastic model of Equation 3.
Next, based on these individual one-dimensional models, we
construct appropriate stiffness and damping tensors.
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Figure 8: One dimensional fitting of a noisy vertex 41,
measurement 0 using a uniform weighting and a varied
weighting least squares minimization function, zoomed in
on curve peak. uniform weighting fitted parameters: k1 =
8.53× 10−6, k2 = 0.447, b = 1.19; varied weighting fitted
parameters: k1 = 1.81, k2 = 0.528, b = 0.137

The one-dimensional fitting is performed with Nelder-
Mead Simplex discrete optimization [NM65]. Figure 8
shows the result of the one-dimensional fitting. Notice how if
measurements are weighted equally over time, the damping
is reduced in an attempt to better fit the front of the curve at
the detriment of the peak and tail. This occurs because dur-
ing constant velocity loading the recorded force profile has a
slope ≤ 1 while the model can only produce slopes ≥ 1. This
mismatch is due to the fact, that the data fitting assumes con-
stant contact area while at the beginning of the measurement
the contact area of the probe is increasing as the deforma-
tion increases. Using a least squares minimization function,
which weights the curve peak and tail more highly than the
front, the optimization algorithm is led to disregard the mis-
matched time steps. We have found that weighting the tail
100 times more and the 3 points around the peak 1000 times
more than the front produces good results for all our mea-
surements.

Next, stiffness and damping parameters are determined
for each vertex, where one dimensional fittings were per-
formed. For the three-element model, we have found it nec-
essary to fit measurements taken at different speeds sepa-
rately. For damping parameters, there are two possibilities:
fitting a full 3-by-3 tensor and fitting a Rayleigh damping
constant.

In the tensor case, we seek to find the values for BBB that
minimize r2(BBB) = ∑i, j RRR2

i, j , where

RRR = BBB





ûx,1 · · · ûx,n
ûy,1 · · · ûy,n
ûz,1 · · · ûz,n





︸ ︷︷ ︸

PPP

−





b1 f̂x,1 · · · bn f̂x,n
b1 f̂y,1 · · · bn f̂y,n
b1 f̂z,1 · · · bn f̂z,n





︸ ︷︷ ︸

QQQ

and where b1 · · ·bn are the n measured 1D damping coeffi-

© The Eurographics Association and Blackwell Publishing 2004.
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cients, ûuu1 · · · ûuun are the n normalized 3D displacement vec-
tors used during measurement, and f̂ff 1 · · · f̂ff n are the n nor-
malized 3D force vectors measured. Conceptually, we are
searching for the damping tensor that most closely mim-
icks all of the one dimensional damping scalars for each
corresponding measurement. We further assume that the di-
rections of the measured displacement ûi and force f̂i are
the same as the directions of displacement and force at the
damping element of the model. The optimal value for BBB can
be calculated by solving the three systems,

∀i ∈ {1,2,3},PPPPPPT BBBi =
(

QQQPPPT
)

i

where the subscripts represent the specified row of the ma-
trix used as a column vector. If the matrix is singular, this
is a sign that there are insufficient measurements to obtain a
reasonable solution. For such vertices, the parameter deter-
imnation is abandoned. In our implementation, we also use
damped singular value decomposition (DSVD) [Han94] on
PPPPPPT before solving the system, to smooth the solution in
cases where the matrix is nearly singular.

In the case of Rayleigh damping, a scalar damping coeffi-
cient is determined by taking the determined tensor and then
fitting it to the known stiffness tensor (KKK derived from ΞΞΞi,i,
where ΞΞΞ is the previously acquired DGFM and i the ver-
tex number being processed). This is done by minimizing
r2(b) = ∑i, j

(
bKKKi, j −BBBi, j

)2. The solution is given by

b =
∑i, j KKKi, jBBBi, j

∑i, j KKKi, j
. (13)

Additionally, a stiffness ratio needs to be determined. This
is done by minimizing r2(kl) = ∑i, j RRR2

i, j separately for both
l = 1 and l = 2, where

RRR = kl KKK





ûx,1 · · · ûx,n
ûy,1 · · · ûy,n
ûz,1 · · · ûz,n





︸ ︷︷ ︸

PPP′

−





kl,1 f̂x,1 · · · kl,n f̂x,n
kl,1 f̂y,1 · · · kl,n f̂y,n
kl,1 f̂z,1 · · · kl,n f̂z,n





︸ ︷︷ ︸

QQQ′

and where kl,1, · · · ,kl,n are the n 1D stiffness coeffi-
cients corresponding to kl . Because r2(kl) is in the
same form as the Rayleigh damping coefficient problem
(

r(kl)
2 = ∑i, j

(
klPPP

′

i, j −QQQ′

i, j
)2

)

, Equation 13 can be used
to find the minimal solutions here as well. After an optimal
k1 and k2 have been determined, the stiffness ratio is de-
fined to be r = k2

k1
. If k1 is zero, we set the damping to zero

(either tensor or Rayleigh damping coefficient) and set the
ratio to an arbitrary non-zero value. This has the effect that
no damping will occur at this vertex, but elastic behavior
will continue as normal.

4.2. Handling Non-Diagonal Entries

The above procedures only produce one set of viscoelastic
parameters for each vertex due to measurement limitations

discussed at the beginning of this section. The values oc-
cupy the diagonal entries of all of the parameter structures,
because they measure self effects. It is necessary to some-
how spread the known parameters to the other non-diagonal
entries of the parameter structures. The solution we chose to
employ is to simply use the same parameter values across an
entire column (for the values measured at vertex k, b·,k = bk
or BBB·,k = BBBk, and r·,k = rk). This has the effect of causing
the activated vertices to drive the damping behavior at all
the non-activated vertices.

5. Rendering

During simulation Equation 4 (or a simplification such that
derived in Section 3.2) is evaluated once per time step with
the current applied tractions and time step size to obtain the
current displacements for all vertices. In practice, a number
of optimizations and precomputation steps need to be per-
formed to get good real time performance while simulating
the model.

The two major optimizations used in a quasi-static elas-
tic simulation that uses a DGFM are taking advantage of the
sparse nature of the traction vector in the matrix-vector mul-
tiplication (see Equation 1) and not computing traction val-
ues for displacement constrained vertices. Taking these into
account, the complexity of evaluation is O(VdVt) as opposed
to O(VdVh) in the case of a full multiplication where Vd is the
number of vertices in the display mesh, Vt the number that
have a traction currently applied to them (in our implemen-
tation this is generally 3), and Vh the number of moveable
vertices in the haptic mesh. In the viscoelastic simulation,
this same complexity is not achievable, because although a
vertex may no longer have a traction applied, it may still
contribute to the deformation (for example, it is currently re-
tracting). However, resorting to the full O(VdVh) is not nec-
essary. To handle this issue, we maintain a list of vertices,
which are active (they either currently have a traction ap-
plied or are not at rest). The list starts out empty and vertices
are added at the beginning of each time step, which have a
traction currently applied to them. Any vertices that were ac-
tive in the last time step that do not have a traction applied
in the current time step are examined. If their displacement
effect (xxxi, j) has dropped below an arbitrary visual threshold
(we use 10−3), they become inactive and are not used in the
computation until they are activated again by a traction. This
leads to a complexity of O(VdVa) where Va is the number of
active vertices. Generally, Va will not be particularly large
as long as damping is not terribly high and will tend to a
small constant (in our implementation, again 3) when only
one triangle is activated for an extended period of time.

In the general three-element case (without Rayleigh
damping), the inverted term in Equation 6 needs to be pre-
computed to allow real-time interaction with our models.
Unfortunately, this can only be done when the time step size
is held constant. As can be seen in Equation 12, this is not the
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case with Rayleigh damping. Furthermore, even if the time
step size can be held constant, the general case requires two
matrix-vector multiplications and a vector addition, while
Rayleigh damping requires only two scalar-vector multipli-
cations and one vector addition, making it still a bit faster.
Furthermore, in both the general case and in the case with
Rayleigh damping, if the force applied drops to zero for a
given vertex, an entire column can be computed using a sim-
plified formula. In the general case, without a force term,
the formula for uuui collapses to ∑ j xxxi, j , while xxxi, j itself col-
lapses (assuming possible precomputations are done) to just
one matrix-vector multiplication. Similarly, in the case of
Rayleigh damping, uuui is also just ∑ j xxxi, j and xxxi, j becomes
a singular scalar-vector multiplication.

We built our simulator to function with and without a hap-
tic device. Due to software threading issues, performance
concerns, and collision detection complexity, we chose to
simulate a quasi-static elastic model on the device, while
showing a viscoelastic model on the screen.

To obtain visually more attractive results, we use subdi-
vision in two places. Non-square DGFMs are used to ac-
comodate different haptic and display meshes. The display
mesh is simply one displaced subdivision level finer than
the haptic mesh. Additionally, we perform two additional
levels of Loop subdivision [Loo87] on the display mesh at
run-time for each time step. Because our contact model ap-
plies tractions to the three vertices composing the triangle in
the coarse haptic mesh currently in contact with the haptic
proxy, an artifact of three contact depressions can sometimes
be seen. To eliminate this, we perform an additional precom-
putation step, where the vertices on the fine mesh which are
enclosed by this triangle on the coarse mesh are found. At
run-time, the enclosed vertices of the currently depressed
triangle receive an average of the deformation present on
neighboring coarse vertices instead of their normal defor-
mation computed directly using the viscoelastic model.

6. Results

The viscoelasic parameter estimation code was written in
Python [Pyt], while the simulator was written in a mixture
of Python, C, and C++. All of the precomputation code was
written in Python, but utilizes Numeric Python [ADH∗01],
a series of Python routines written in C for working with
large arrays of homogenous data efficiently. Parts of the
display and simulation code, which needed to be particu-
larly fast were written in C as Python modules. The haptics
code, which interfaces with SensAble’s™ GHOST SDK was
written in C++ as a Python module. Additionally, for lin-
ear algebra routines we utilized LAPACK [ABB∗99] with
an ATLAS BLAS [WPD01]. Both the simulation and pa-
rameter estimation programs were run on a 2.8GHz Pen-
tium 4 processor with 1.5GB of RAM and an ATI FireGL™
X1 GPU. The haptics device used was Sensable’s™ PHAN-
ToM® Desktop.

triceratops tiger

total vertices 193 149
moveable vertices 149 95

low-speed measurements

total trials 269 -
vertices successfully fitted 76 -

high-speed measurements

total trials 989 855
vertices successfully fitted 79 67

total fitting time 33 min 7 min

Table 2: Fitting information for the two measured objects:
the triceratops and the tiger.

triceratops tiger

display subdiv. level 0 1 0 1

total vertices 193 766 149 590

Frame Rates in Hz

-haptics, -subdiv. 580 320 600 390
-haptics, +subdiv. 160 60 250 80
+haptics, -subdiv. >100 >100 >100 >100
+haptics, +subdiv. 50 25 >100 35

Table 3: Approximate frame rates for viscoelastic simulation
of the triceratops and tiger models. When using the haptic
device, the supporting software limits the display frame rate
to 100Hz.

We had measurements for two objects: a rubber tricer-
atops and a tiger plush toy. Table 2 gives important numbers
for their acquired models, measurements, and fitting perfor-
mance. For both viscoelastic and quasi-static elastic simu-
lations, we achieve similar sufficient frame rates, which can
been seen in Table 3. Figures 9 and 10 show the magnitude
of the acquired damping for the triceratops and tiger, respec-
tively. In the case of the triceratops, the figures show that the
body exhibits more viscoelastic behavior than the head or
the tail, which seems to be consistent with our own personal
observations of the physical object.

7. Conclusions

We have successfully extended the procedures for globally
estimating a quasi-static elastic model to estimate a more
complex viscoelastic model. Furthermore, we have accom-
plished this without any new types of measurements and
without significant simulation speed penalty. Future work
could be done with regard to obtaining measurements at
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(a) slow measurements

(b) fast measurements

Figure 9: Triceratops with false color coding (red high, blue
low) from damping magnitude for both measurement veloci-
ties.

Figure 10: Tiger with false color coding from damping mag-
nitude.

non-diagonal entries through use of high speed video. Also,
methods for rigorously verifying the results by comparing
the behavior of the actual object and its model could be de-
veloped. Finally, the use of models besides the 3-element
model could result in more realism or allow measurements
taken at different velocities to be used together for more ro-
bust estimation.
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